Abstract. We continue our earlier investigation on generalized reproducing kernels, in connection with the complex geometry of C * -algebra representations, by looking at them as the objects of an appropriate category. Thus the correspondence between reproducing (− * )-kernels and the associated Hilbert spaces of sections of vector bundles is made into a functor. We construct reproducing (− * )-kernels with universality properties with respect to the operation of pull-back. We show how completely positive maps can be regarded as pull-backs of universal ones linked to the tautological bundle over the Grassmann manifold of the Hilbert space ℓ 2 (N).
Introduction
The present work belongs to a line of research which has been initiated in the papers [BR07] , [BG09] , [BG08] , and concerns representation theory for infinite-dimensional Lie groups on the one hand, and an approach to operator algebras by means of techniques from differential geometry on the other hand. In [BR07] , geometric realizations of GNS representations on groups of unitaries in C * -algebras are obtained, in the spirit of the Bott-Borel-Weil theorem. Hilbertian section spaces of these realizations, in that infinite-dimensional setting, are constructed using the tool of reproducing kernels on vector bundles. As regards holomorphy, there are a few cases of unitary groups (or homogeneous spaces on which those groups act) where such a structural property appears automatically; see [BR07] , and also [BG09] for (homogeneous) orbits of Grassmannians. In order to extend the theory of [BR07] to general holomorphic actions of complex Lie groups on complexified vector bundles, and to incorporate the unitary case to the wider setting of complex geometry, a new kind of generalized reproducing kernels on complex vector bundles has been introduced in [BG08] , that takes into account prescribed involutions of the bundle bases. (In passing, the theory enables us to present a holomorphic geometric view of Stinespring dilations of completely positive maps.)
In this way, we find the notion of (generalized) reproducing kernels on vector bundles in the core of that part of (infinite-dimensional) representation theory which is suitable to be treated using methods of complex geometry. So it seems to be a demanding task to study generalized reproducing kernels in themselves, mainly looking at those aspects of them which are more directly related to the aforementioned subjects. One of the relevant facts emerging naturally in the subject is that Grassmannian manifolds, over the Hilbert spaces defined by the kernels, seem to be the proper place where all the elements of the geometric theory are settled in a canonical manner; see [BG09] . Since Grassmannians arise naturally in geometry as a universal notion, we wonder if they can be also considered as the universal model for the geometrical implications of reproducing kernels. This question is further supported by the feeling that -loosely speaking-reproducing kernels are very much alike (so that, in particular for the classical ones, their mutual differences are mainly confined to function theory).
In order to make this idea precise, we continue here our earlier investigation on generalized reproducing kernels by organizing them as a category and looking for the corresponding universal objects. Thus the correspondence between reproducing (− * )-kernels (see the definition below) and the associated Hilbert spaces will be looked at as a functor. By following this categorial approach we find that there exist reproducing (− * )-kernels enjoying universality properties with respect to the operation of pull-back. In particular it turns out that all of the reproducing kernels (in the classical sense, that is, for scalar valued functions) arise as pull-backs of a universal reproducing kernel that lives on the tautological bundle over the Grassmann manifold of the Hilbert space ℓ 2 (N) (see Theorem 6.2 and the comment preceding it). In a purely mathematical direction, investigations on operations on reproducing kernels have been previously carried out, with motivation coming from complex analysis, function theory, learning theory, and other areas; some recent references are [AL08] [Kr08a], [Kr08b] , and [CVTU08] . The theory of kernels in the scalar case was systematically developed in [Ar50] . An extension to vector valued functions has been worked out in [Ku66] , as well as a systematic account of this theory is included in [Ne00] . Reproducing kernels for Hilbert spaces of sections generalize the above classes. There are already present in [Ko68] , but the first framework where to consider kernels for Hilbert spaces of sections of (finite-dimensional) complex bundles seems to have been suggested in [BH98] . The corresponding extension to the setting of vector bundles with infinite-dimensional fibers of infinite-dimensional manifolds is done in [BR07] . The article [BG08] extends in turn the results of [BR07] to reproducing kernels associated with involutive diffeomorphisms in the bundle base spaces.
Reproducing kernels on line bundles over finite-dimensional complex manifolds have been on the other hand considered in quantum mechanics as well, related to quantization of classical states; see [Od88] , [Od92] and [MP97] , as well as some references therein. Roughly speaking, in the model proposed in [Od88] and [Od92] a mechanical system is identified with a triple (Z, H, ζ : Z → CP(H)) where Z is a complex manifold seen as the phase space of classical states of the system, H is a Hilbert space and CP(H) is its corresponding complex projective space, which is to play the role of the phase space of pure quantum states. Then the (geometric) quantization of the classical phase space Z is supplied by the mapping ζ. It turns out that the transition probability amplitudes linked to the phase space Z can be formalized in a way that gives rise to a reproducing kernel K defined on a complex line bundle with base Z. Then the quantization map ζ = ζ K is constructed out of the kernel K, through the reproducing kernel Hilbert space H K associated with K, see [Od92] for details. The mapping ζ is very important in this approach since under certain conditions it replaces the calculation of the Feynman integral which expresses the transition amplitudes between states. Moreover, it is possible to recover the reproducing kernel defining the transition probabilities directly from ζ.
In fact, the relationship between K and ζ admits an interpretation in a categorial framework such as it has been developed in the paper [Od92] , with a view toward establishing a canonical relation between the classical observables and the quantum ones (see also [Od88] ). In this setting, natural ways of viewing states of the matter take the form of three different categories (in two of them the objects are complex line bundles, with a distinguished kernel K in one case and a distinguished Hilbert space H in the other; in the third one the objects are the mappings ζ) and it is possible to show the mutual functorial equivalence between them, see [Od92] , p. 387. Pull-backs of the tautological universal bundle with base CP(H), as well as of its canonical kernel, are used as part of the arguments to prove such equivalences. Apparently, the above physical interpretation and treatment of reproducing kernels has remained unknown for the pure mathematical line of research referred to in former lines. Indeed, we have been aware of the papers [Od88] and [Od92] only after having written the most substantial part of the present article. Since we consider here vector bundles with infinite-dimensional fibers of infinite-dimensional manifolds, our work can be seen partly as a (non-trivial) extension to that setting of the categorial results of [Od92] . However, it must be noticed that, whereas one of the aims of [Od92] is to establish equivalence of categories thought of equivalent ways to viewing states of matter, we are rather interested in pointing out the properties of (generalized) reproducing kernels in themselves, so we present them as objects of a category and look for their canonical description in terms of their Grassmannian universal representatives.
The general plan of the article can be seen prior to this introduction. In Section 1 we give some elements for a categorial theory of notions and results related to the main items of papers [BR07] , and [BG08] . Consequently in Section 2 subcategories of objects of a positive character are singled out, laying particular emphasis on the concept of reproducing (− * )-kernels. In this setting, completely positive mappings on Hilbert spaces appear as objects of a suitable category, instead of being considered (as usually in the literature) as morphisms. Section 3 collects significant results involving pull-backs of vector bundles and kernels, in the setting dealt with in the paper. Several items of previous sections are established in Section 4 for Grassmann manifolds, as a preparation for the main section of the article, namely Section 5. Here, we establish the universality theorems making (generalized) reproducing kernels K associated with a given (like-Hermitian) vector bundle Π : D → Z to appear as pull-backs of canonical ones living on Grassmannians. The essential tool to do that is a mapping ζ K : Z → Gr(H K ) like that one of above, but this time taking values in all of the Grassmann manifold Gr(H K ) formed by all closed subspaces of H K . Here H K is the reproducing kernel Hilbert space defined by K. Such a mapping ζ K is of course an extension of the corresponding mappings considered in [Od92] , and indeed was suggested by an intermediate extension introduced in [MP97] , in a finite-dimensional context. By mimicking names originated from physical considerations, we are tempted to call the mapping ζ K the quantization map of the bundle Π, and every element ζ K (s), s ∈ Z, a coherent state for Π.
Finally, in Section 6 we give some applications or examples. We find particularly interesting the fact that any completely positive mapping taking values in the algebra of bounded operators on a Hilbert space, in analogy with what happens for kernels, can be obtained as the pull-back of a canonical (and universal) completely positive map associated with the tautological bundle of a Grassmann manifold.
1.
A categorial framework for like-Hermitian structures 1.1. Like-Hermitian structures. We briefly review here the like-Hermitian vector bundles introduced in [BG08] in order to study geometric models for representations of Banach-Lie groups and C * -algebras.
A like-Hermitian structure on a smooth vector bundle Π : D → Z (whose typical fiber is a complex Banach space E) is a family {(· | ·) z,z − * } z∈Z with the following properties: 
Remark 1.3. For later use we now record the following fact: Let X and Y be complex Banach spaces with a sesquilinear strong duality pairing (· | ·) : X × Y → C. If H is a complex Hilbert space and T : H → X is a bounded linear operator, then there exists a unique operator S : Y → H such that
Conversely, for every bounded linear operator S : Y → H there exists a unique bounded linear operator T : H → X satisfying (1.1), and we denote S − * := T and T − * := S.
Like-Hermitian bundles admit a natural notion of morphism from one into another.
Definition 1.4. Let Π : D → Z and Π : D → Z be like-Hermitian vector bundles, and assume that each of the manifolds Z and Z is endowed with an involutive diffeomorphism denoted by z → z − * for both manifolds. A morphism (respectively, an antimorphism) of Π into Π is a pair Θ = (δ, ζ) such that δ : D → D and ζ : Z → Z are smooth mappings satisfying the following conditions:
(i) The diagram
is a bounded linear operator whenever z ∈ Z (respectively, a bounded antilinear operator whenever z ∈ Z).
Because of the assumption that the sesquilinear functionals (· | ·) z,z − * are strong duality pairings, it follows that the morphism Θ = (δ, ζ) is quasi-adjointable in the sense that for every z ∈ Z there exists a (unique) bounded linear operator (
If Θ = (δ, ζ) is an antimorphism, then it is again quasi-adjointable since for every z ∈ Z there exists a (unique) continuous antilinear operator (
Now assume that ζ : Z → Z is a diffeomorphism. We say that the morphism Θ = (δ, ζ) is adjointable if there exists a morphism
If this is the case, then any morphism Θ − * with this property is said to be adjoint to Θ. The adjointable antimorphisms are defined in a similar manner and an adjoint of an antimorphism is by definition an antimorphism. Definition 1.5. Let Π : D → Z and Π : D → Z be two smooth like-Hermitian vector bundles. Assume that Θ = (δ, ζ) is a morphism from Π into Π. We say that Θ is an isometry if it satisfies the condition (ξ | η) z,z − * = (δ(ξ) | δ(η)) ζ(z),ζ(z) − * whenever z ∈ Z, ξ ∈ D z , and η ∈ D z − * . Similarly, if Θ = (δ, ζ) is an antimorphism, then Θ is an isometry if and only if we have (ξ | η) z,z − * = (δ(ξ) | δ(η)) ζ(z),ζ(z) − * whenever z ∈ Z, ξ ∈ D z , and η ∈ D z − * . Remark 1.6. In Definition 1.5, if Θ = (δ, ζ) is an isometry and the mapping δ z := δ| e Dz : D z → D ζ(z) is bijective for all z ∈ Z, then Θ is quasi-adjointable and the appropriate condition (1.2) or (1.3) is satisfied if we take (δ z )
This also shows that if ζ : Z → Z is a diffeomorphism and Θ = (δ, ζ) is an isometric morphism (respectively, antimorphism) that is fiberwise bijective from Π to Π, then Θ is adjointable and its inverse Θ −1 = (δ −1 , ζ −1 ) is an adjoint to Θ.
It is plainly seen that like-Hermitian vector bundles, as the objects, and morphisms in between form a category which will be denoted here by LHer. There are several important examples of the above bundles which we think is worthwhile to present under the categorial language. In the next subsection we consider like-Hermitian vector bundles acted on by Banach-Lie groups.
1.2. Group actions on vector bundles and representations. Recall that an involutive Banach-Lie group is a (real or complex) Banach-Lie group G equipped with a diffeomorphism u → u * satisfying (uv)
In this case we denote
and the elements of G + are called the positive elements of G. If H is a Banach-Lie subgroup of G, then we say that H is an involutive Banach-Lie subgroup if in addition u * ∈ H whenever u ∈ H. If G is an involutive Banach-Lie group then for every u ∈ G we have (u −1 ) * = (u * ) −1 and moreover 1 * = 1. Definition 1.7. Assume that we have a complex involutive Banach-Lie group G, a holomorphic likeHermitian vector bundle Π : D → Z, and two holomorphic actions µ and ν of the group G on D and Z respectively, such that (i) there exists the commutative diagram
and for all u ∈ G and z ∈ Z the mapping µ(u,
is a bounded linear operator, (ii) for every u ∈ G and z ∈ Z we have ν(u − * , z
With the notation (Π, G) we refer to a like-Hermitian vector bundle Π which is acted on by the Banach-Lie group G in the sense defined by the preceding properties. Let ( Π, G) and (Π, G) be two such elements. We say that a pair (Θ, α) is a morphism from ( Π, G) into (Π, G) if Θ := (δ, ζ) is a morphism between the bundles Π and Π, α : G → G is a holomorphic group homomorphism which preserves involutions, and the following commutativity of diagrams holds:
− −−− → Z It is then straightforward to check that we have got a category where pairs (Π, G) are the objects and pairs (Θ, α) are the morphisms. Let GrLHer denote this category.
Important examples of objects in GrLHer are suitably related to representations of groups acting in that category. Specifically, we shall make the following definition which claims its origins in the idea of basic mapping that shows up in Example 2.5 in [BG08] . Definition 1.8. In the setting of Definition 1.7, let further assume that we have given a holomorphic * -representation π : G → B(H). We say that the mapping R : D → H relates Π to π if it has the following properties:
(i) R is holomorphic; (ii) for each z ∈ Z the mapping R z := R| Dz : D z → H is an injective bounded linear operator and in addition we have (ξ | η) z,z − * = (R(ξ) | R(η)) H whenever ξ ∈ D z and η ∈ D z − * ; (iii) for every u ∈ G and z ∈ Z the diagram
We alternatively call R the transfer mapping between Π and π (or D and H).
In the case when an object (Π, G) in the category GrLHer is associated with a representation π and a transfer mapping R as in the above definition we shall refer to (Π, G) by writing (Π, G; π). Given two of these objects ( Π, G;π), (Π, G; π) we say that a triple (Θ, α, L) is a morphism from ( Π, G;π) into (Π, G; π) whenever (Θ, α) is a morphism between ( Π, G) and (Π, G) in the sense of Definition 1.7, and L : H → H is a bounded linear mapping such that:
Then triples (Π, G; π) are the objects of a category, which we choose to call RepGLH, whose morphisms are the triples (Θ, α, L). Of course properties (c) and (d) of L are to be added to previous (a) and (b) for (Θ, α).
There is an important subcategory of GrLHer (and of RepGLH) where the base spaces of the corresponding vector bundles are homogeneous manifolds. These bundles have been considered in [BG08] , in connection with holomorphic realizations of representations. We recall their definition in the next subsection.
1.3. Homogeneous like-Hermitian vector bundles. Assume that we have the following data:
• G A is an involutive real (respectively, complex) Banach-Lie group and G B is an involutive real (respectively, complex) Banach-Lie subgroup of G A .
• For X = A or X = B, assume H X is a complex Hilbert space with H B closed subspace in H A , and
Define an equivalence relation on 
gives rise to a complex linear structure on D s , and a Hilbertian norm on D s defined by [(u 
As in [BG08] , we shall say that Π : G A × GB H B → G A /G B is the homogeneous like-Hermitian vector bundle associated with the data (π A , π B , P ).
We can consider the data (π A , π B , P ) as objects of a category HomogLHer where the morphisms are given by pairs (α, L) from (π A ,π B ,P ) into (π A , π B , P ) such that: 
We observe that the conditions on (α, L) allow us in particular to get the well-defined mapping
Moreover, it is an exercise of some patience to check that, for the transfer mapping defined just above and the natural multiplications, the morphism properties 
In the following subsection we consider a remarkable class of objects in the category HomogLHer.
1.4. Vector bundles arising from completely positive maps on C * -algebras. In this subsection we deal with completely positive maps on C * -algebras valued in algebras of bounded operators on Hilbert spaces. Let us briefly review the Stinespring construction of dilations of completely positive maps. For details and references, see for instance [BG08] .
For every complex vector space X let M n (X) denote the space formed by all matrices n × n with entries in X. Then, for every linear map Φ : X → Y between two vector spaces X and Y and every integer n ≥ 1, put
Let A be a unital C * -algebra and let H 0 be a complex Hilbert space. A linear map Φ : A → B(H 0 ) is said to be a completely positive map if for every integer n ≥ 1 the map Φ n : M n (A) → M n (B(H 0 )) is positive in the sense that it takes positive elements in the C * -algebra M n (A) to positive ones in M n (B(H 0 )). If moreover Φ(1) = 1 then we say that Φ is unital and in this case we have Φ n = 1 for every n ≥ 1. Define a nonnegative sesquilinear form on A ⊗ H 0 by the formula
for a 1 , . . . , a n , b 1 , . . . , b n ∈ A, ξ 1 , . . . , ξ n , η 1 , . . . , η n ∈ H 0 and n ≥ 1. Set N A = {x ∈ A ⊗ H 0 | (x | x) = 0} and denote by K 0 the Hilbert space obtained as the completion of (A ⊗ H 0 )/N A with respect to the scalar product defined by (· | ·) on this quotient space. One can define a representation π of A by linear maps on A ⊗ H 0 given by
whose extension by continuity will be denoted by π Φ (a) ∈ B(K 0 ). In this way we obtain a unital * -representation π Φ : A → B(K 0 ) which is called the Stinespring representation associated with Φ.
Additionally, denote by V : H 0 → K 0 the bounded linear map obtained as the composition
where the first map is defined by H 0 ∋ h → 1 ⊗ h ∈ A ⊗ H 0 and the second map is the natural quotient map. Then V : H 0 → K 0 is an isometry satisfying Φ(a) = V * π Φ (a)V for all a ∈ A. In this sense π Φ is called a Stinespring dilation of Φ.
Note that if dim H 0 = 1, that is, Φ is a state of A, the Stinespring representation associated with Φ coincides with the corresponding Gelfand-Naimark-Segal (GNS) representation.
Particular cases of completely positive maps are the conditional expectations: Let 1 ∈ B ⊆ A be two C * -algebras. A conditional expectation E : A → B is a linear map satisfying E 2 = E, E = 1 and Ran E = B. Then it follows by the theorem of Tomiyama that E(1) = 1 and for every a ∈ A, b 1 , b 2 ∈ B we have E(a * ) = E(a)
, and E(b 1 ab 2 ) = b 1 E(a)b 2 . We have the following result (Lemma 6.7 in [BG08] ). 
− −−− → H B where P : H A → H B is the orthogonal projection, and ι h0 : A → H A is the map induced by a → a ⊗ h 0 . Remark 1.10. The projection P in Lemma 1.9 is indeed obtained from E as the limit operator of expressions of the type P ((
Let G X be the group of invertible elements of X for X = A or X = B. Then G X has a natural structure of involutive complex Banach-Lie group defined by the involution of X. Moreover, G B is a complex Banach-Lie subgroup of G A . We call the triple (π A | GA , π B | GB , P ) the Stinespring data associated with E and Φ. It is clear that in this way we have obtained an object of the category HomogLHer. In fact, they form a subcategory of HomogLHer together with the morphisms defined as follows.
Let (πÃ, πB,P ) and (π A , π B , P ) be two Stinespring data. A morphism from (πÃ, πB,P ) into (π A , π B , P ) is any pair (α, T ) such that α :Ã → A is a unital * -homomorphism and T :H 0 → H 0 is a bounded linear mapping satisfying
where the symbols involved in the above equalities have an obvious meaning. This category will be denoted as StLHer. We rewrite the objects (π A , π B , P ) as (A, B, E; Φ).
To conclude this section, we remark that the categories introduced above are related through the following functors:
(1) The functor GrLHer → LHer just given by the inclusion.
(2) The functor HomogLHer → RepGLH defined by
where for a data π A :
and for a morphism (α, L) in HomogLHer we take Θ = ([α × L], α q ). The functor HomogLHer → RepGLH entails a deep structural relationship between the corresponding categories, as it will be shown in Section 3, see Theorem 3.8.
In an analogue way to what has been done before, one could be tempted to affirm that the correspondence (A, B, E; Φ) → (π A , π B ; P ) defined by the Stinespring construction (described prior to Lemma 1.9) gives rise to a functor StLHer → HomogLHer, so that a morphism (α, T ) in StLHer would be sent into a (possible) morphism in HomogLHer to be induced by the mapping
(1.5) Nevertheless, the extension of α ⊗ T to H A need not be well defined. An extra condition involving positivity on (α, T ), which is sufficient for the purpose of such an extension and then for such a functor StLHer → HomogLHer, is proposed in the following section.
Positivity. The category of reproducing (− * )-kernels
There are elements making up the objects of the different categories of like-Hermitian vector bundles which enjoy a neat character of positivity. So in the category RepGLH, where a transfer mapping R is positive (or positive-definite) in the sense that for all n ≥ 1 and every
Similarly, a * -representation π A taking part in an object of the category HomogLHer satisfies for all n ≥ 1 and every
Also, as regards the category StLHer, a (unital, in our case) completely positive mapping Φ :
As we are going to see below, the above self-imposed, by definition, properties are particular cases of a general notion of positivity linked to like-Hermitian vector bundles.
which is (− * )-positive definite in the following sense: For every n ≥ 1 and
Here p 1 , p 2 : Z × Z → Z are the natural projection mappings. If in addition Π : D → Z is a holomorphic like-Hermitian vector bundle, K is continuous and K(·, s)ξ ∈ O(Z, D) for all ξ ∈ D s and s ∈ Z, then we say that K is a holomorphic reproducing (− * )-kernel. We shall say that a reproducing (− * )-kernel K on a holomorphic like-Hermitian vector bundle Π : D → Z is holomorphic of the second kind if it is continuous and the mapping ξ → K(t, Π(ξ))ξ, D → D is holomorphic for every t ∈ Z. Examples of kernels enjoying both types of holomorphy are the kernels K π , defined through representations π, associated to the categories HomogLHer and sRep; see Remark 2.9 (2) below.
be the "adjoint" operator of the mapping K(s, t) with respect to the family (· | ·) r,r − * , r ∈ Z; i.e., (K(s, t)
From the definition of reproducing kernel we have that K(s, s − * ) ≥ 0 where we understand for this
whence we obtain that the sum
By substituting ξ with iξ we derive that ℑi K(s, t
Reproducing (− * )-kernels on like-Hermitian bundles have been introduced in [BG08] where they have been used to show that certain * -representations of involutive Banach-Lie groups (in particular BanachLie groups of invertibles in C * -algebras) admit realizations on Hilbert spaces H K of holomorphic sections on like-Hermitian vector bundles.
Such spaces H K are constructed in the following way. For all s ∈ Z and
K is defined as the completion of H K 0 with respect to the scalar product given by
whenever s, t ∈ Z, ξ ∈ D s , and η ∈ D t . See additional details in [BG08] . Each one of the categories GrLHer, RepGLH, HomogLHer, StLHer entails its own canonical type of (− * )-kernels. To begin with, let us consider the category GrLHer. In this case, for a bundle Π being under the action of a group G, it sounds sensible, for a section K to be a reproducing kernel on Π, to demand some condition relating K and G. The suitability of the following one will emerge in Section 5 (Theorem 5.14).
Definition 2.3. Let (Π, G) be an object in the category GrLHer. Let K be a reproducing (− * )-kernel on Π. We say that K is a reproducing (
for every s, t ∈ Z, ξ ∈ D s , and u ∈ G.
We next describe the (− * )-kernels of the remaining categories in a categorial framework, showing in passing that the elements of positive character can be in turn regarded as objects of suitable categories.
Definition 2.4. Let Π : D → Z and Π : D → Z be two like-Hermitian bundles, and let K and K be reproducing (− * )-kernels on the bundles Π and Π, respectively. A morphism of reproducing (− * )-kernels from K to K (respectively, an antimorphism of reproducing (− * )-kernels from K to K) is a morphism Θ = (δ, ζ) of Π into Π (see Definition 1.4) (respectively, an antimorphism) with the property that there exists a constant M > 0 such that for every integer n ≥ 1, every s 1 , . . . , s n ∈ Z, and all
We denote by Hom( K, K) the set of all morphisms from K to K. It is clear that the composition of two morphisms of reproducing (− * )-kernels is again a morphism of reproducing (− * )-kernels. Consequently we get a category Kern whose objects are the reproducing (− * )-kernels on like-Hermitian bundles, and whose morphisms are defined as above.
Remark 2.5. In the setting of Definition 2.4 it is clear that the mapping
is well defined and continuous, and it extends to a bounded linear operator
.) If Θ 1 and Θ 2 are morphisms or antimorphisms of reproducing (− * )-kernels whose composition Θ 1 • Θ 2 makes sense, then we have
Definition 2.6. Let Hilb be the category whose objects are the Hilbert spaces over C and whose morphisms are the bounded linear operators. The reproducing kernel Hilbert space functor is the functor
that takes every reproducing (− * )-kernel K to the associated reproducing kernel Hilbert space H K (see Definition 3.4 in [BG08] ) and every morphism Θ ∈ Hom( K, K) to the bounded linear operator
The fact that (2.6) is indeed a functor follows by (2.5).
Remark 2.7. The functor H was considered in [Od92] in the case of line vector bundles of finite dimension. Here H is also the main correspondence between categories that we consider in this paper, since it allows us to relate general kernels or fiber vector bundles with Grassmannian manifolds. In Proposition 2.8 below we establish other functors between the following categories:
• Trans -its objects are the transfer mappings R associated with the objects of the category RepGLH, and where the morphisms are defined as the linear mappings L, appearing in the morphisms (Θ, α, L) of RepGLH, for which there exists a constant M > 0 such that for every integer n ≥ 1, every s 1 , . . . , s n ∈ Z, and all
(2.7)
• sRep, whose objects are the * -representations associated with the objects of HomogLHer and the morphisms are the pairs (α, L), appearing as the morphisms of the category HomogLHer, for which there exists a constant M > 0 such that for every integer n ≥ 1, every u 1 , . . . , u n ∈ G A , and all h 1 , . . . , h n ∈ H A we have
(2.8)
• CPos , whose objects are the completely posive maps associated with the objects of the category StLHer and the morphisms are the pairs (α, T ) appearing in the morphisms of the category StLHer, for which there exists a constant M > 0 such that for every integer n ≥ 1, every positive (a lj ) ⊂ M n ( A), and all h 1 , . . . , h n ∈ H 0 we have
Completely positive mappings have been considered as (relevant) morphisms of suitable categories of matrix ordered spaces or operator systems; see for instance [CE77] , [ER00] , [Pa02] , or [Zu97] . It is maybe worth noticing that such mappings are viewed in the context developed here as objects of a category, rather than morphisms.
Proposition 2.8. The following correspondences define functors between the respective categories.
(i) The dilation functor CPos → sRep given by
where π A is the Stinespring dilation associated with the completely positive mapping Φ and α ⊗ T is the continuous extension to H A of the map defined in (1.5).
(iii) Trans → Kern given by
where
(Here, the expression (R s − * ) − * has the meaning explained in Remark 1.3.)
Proof. We shall show that the pair (α, α ⊗ T ) is well defined as a morphism in the category sRep. The functorial property follows then readily.
So let Φ : A → B( H 0 ), Φ : A → B(H 0 ) objects in the category CPos , with associated triples ( A, B, E), (A, B, E) respectively. Take a morphism (α, T ) : Φ → Φ. This means that α : A → A is a unital algebra * -homomorphism with α( B) ⊆ B and that T : H 0 → H 0 is a bounded linear operator.
so that (α⊗ T ) q extends by continuity from H A to H A . We keep the notation α⊗ T for such an extension. Note that, in an analogous way, α ⊗ T also extends continuously from H B to H B . Let us now see that (α, α ⊗ T ) is a morphism from (π e A , π e B , P ) into (π A , π B , P ) in HomogLHer. Since α • E | e B = E • α e B it follows that α(G e B ) ⊆ G B and, also,
Again by density we obtain that (α ⊗ T )π e A (u) = π A (α(u))(α ⊗ T ) for all u ∈ G e A . Note that in particular, from the above equality we deduce that the mapping
, where α q is the quotient mapping defined by
A . Since all the above mappings are clearly holomorphic, we have shown that ((α, α⊗T ), α q ) is a morphism in the category HomogLHer, as required in a first step.
where in the inequality we have used that (α, T ) is a morphism between Φ and Φ. For arbitrary (f i ) ⊆ H e A it is enough to approximate each f i by elements in A ⊗ H 0 /N e A and apply the continuity of α ⊗ T to the just proved inequality, to obtain that (α, α ⊗ T ) is a morphism in the category sRep.
(ii) This part is quite obvious.
(iii) The statement is a simple consequence of the fact that for every
Remark 2.9.
(1) The kernel K R defined in part (iii) of the above proposition is a reproducing kernel on (Π, G) in RepGLH. In fact, take s, t ∈ Z, ξ ∈ D s and u ∈ G. For simplicity, we put just in this remark u · s := ν(u, s) and u · ξ := µ(u, ξ). Then, for every η ∈ D t − * ,
where we have used (iii) of Definition 1.8 twice, and (ii) and (iii) of Definition 1.7. Since the sesquilinear form (· | ·) t,t − * is a strong duality pairing, by letting η running over
ξ as we wanted to show. It is worth noticing that, for any (− * )-kernel K associated with a like-Hermitian bundle Π : D → Z, there always exists a Hilbert space H and a mapping R K : D → H enjoying part of the properties of a transfer mapping, such that K = K RK . In fact, one can choose H = H K as in the construction pointed out prior to Definition 2.3. Then by Proposition 3.7 c) of [BG08] there are the evaluation maps ev
(2) A kernel K π can be associated to a given representation π ∈ sRep by the composition of functors sRep → Trans → Kern. Such a kernel is therefore given as
Indeed, kernels of type K π admit alternatively a description as
where the last equality follows by (1.4). So (2.10) follows. In turn, the composition of functors CPos → sRep → Kern gives us what we call here the Stinespring kernel functor CPos → Kern defined by
where K Φ is given as in (2.10), and where π A the Stinespring dilation of Φ, Θ is the vector bundle morphism Θ = (δ, ζ) with δ = [α × L], ζ = α q , and L = α ⊗ T as defined formerly.
The expression of K π given in (2.10) is the form under which the canonical kernels associated to homogeneous like-Hermitian bundles have been defined in [BG08] , see also [BR07] . Such kernels are used in [BG08] to construct Hilbert spaces of holomorphic sections on those bundles.
Operations on reproducing (− * )-kernels. Pull-backs
In this section we discuss the operation of pull-back on reproducing kernels in the general setting of like-Hermitian bundles. A few special instances of this operation had been previously in the literature in the case of trivial bundles; see e.g., [Ne00] or subsection 3.2 in [CVTU08] . The pull-backs will play a crucial role in connection with the universality theorems that we are going to establlish in Section 5. 
It is easy to see that K is indeed a reproducing kernel on Π. Note that formula (3.1) means that the following diagram
Let us further observe that formula (3.1) gives us the equality in (2.4) of Definition 2.4, for M = 1. In this sense we can interpret that the pull-back of a given reproducing kernel K, with respect to a vector bundle Θ, is another reproducing kernel Θ * K for which Θ is extremal, say, for (2.4), or, alternatively, M -extremal for (2.4), with M = 1. Example 3.3. Let us consider the special case when both bundles Π and Π are trivial and ζ is the identity map of some manifold Z. Thus, let H and H be complex Hilbert spaces, and let κ : Z × Z → B(H) be a reproducing kernel in the classical sense (see e.g., [Ne00] ), which can be identified with a reproducing kernel K on the trivial bundle Z × H → Z by K(s, t) = (s, t, κ(s, t)) whenever s, t ∈ Z.
Next let F : Z → B( H, H) be any mapping, which can be identified with a homomorphism δ from the trivial bundle Z × H → Z into the trivial bundle Z × H → Z defined by δ(z, f ) = (z, F (z) f ) for all z ∈ Z and f ∈ H (see for instance [La01] ). Now let Θ = (δ, id Z ) (compare Definition 3.2).
Then the pull-back of K by Θ can be identified as above with a reproducing kernel (in the classical sense) defined by
. Now recall the setting of subsection 1.4. Let A be a unital C * -algebra and let H 0 , H A be two complex Hilbert spaces. For a unital completely positive mapping Φ : A → B(H 0 ), let π A : A → B(H A ) be a Stinespring dilation of Φ. Thus
for some isometry V : H 0 → H A . In the above example about trivial bundles, make the choice Z = A, F (s) = V for all s ∈ A so that δ = id A × V , and κ(s, t) = π(s) for every (s, t) ∈ A × A. Then the pull-back reproducing kernel of κ by Θ := (δ, id A ) is the mapping Φ :
In other words, the fundamental relation (3.2) can be interpreted as a particular example of the pull-back operation for reproducing kernels.
Remark 3.4. If both Π and Π are holomorphic bundles, the pair (δ, ζ) is a homomorphism of Π into Π, the mapping ζ is holomorphic, and the mapping δ is anti-holomorphic, then the reproducing kernel Θ * K is holomorphic provided K is holomorphic.
Remark 3.5. In the setting of Definition 3.2, assume that Θ = (δ, ζ) is an isometry (see Definition 1.5) and in addition δ z : D z → D ζ(z) is a bijective map for all z ∈ Z. In this case it follows by Remark 1.6 that for any reproducing kernel K on Π we have
An important instance when the above situation occurs is when the bundle Π is the pull-back of Π by ζ, and δ is the associated map. (See [La01] for details on pull-backs of vector bundles.)
The next result provides us in particular with a characterization of pull-backs of reproducing − * -kernels in terms of the corresponding reproducing kernel Hilbert spaces.
Proposition 3.6. Let Π : D → Z and Π : D → Z be two like-Hermitian bundles, and let K and K be reproducing (− * )-kernels on Π and Π, respectively. In addition, let Θ = (δ, ζ) be a morphism (respectively, antimorphism) of Π into Π. Then the following assertions hold:
Assume that Θ is an isometry of like-Hermitian structures and δ( Dt) is dense in D ζ(t) for all t ∈ Z. If K = Θ * K and both K and K are reproducing (− * )-kernels, then the diagram
Proof. (i) We have K = Θ * K if and only if for all s, t ∈ Z,
Now assume that Θ is a morphism. Since both Π and Π are like-Hermitian bundles, condition (3.3) is further equivalent to
and this is equivalent to the fact that Θ ∈ Hom( K, K) and H Θ : H e K → H K is an isometry. In fact, as noticed after Definition 3.2, in the setting of Definition 2.4 the latter condition means that in (2.4) we should always have equality and M = 1.
On the other hand if Θ is an antimorphism, then condition (3.3) is equivalent to
which is in turn equivalent to the fact that Θ ∈ Hom( K, K) and
K is an isometry. (Note that both sides of (2.4) are real numbers hence are equal to their own complex-conjugates.)
(ii) Since span{ Kξ |ξ ∈ D} is dense in H e K , it will be enough to check that
Now let us assume that Θ is a morphism. We have
hence for arbitraryη − * ∈ Dt− * we get
where the latter equality follows by the hypothesis that Θ is an isometry of like-Hermitian structures (see Definition 1.5). Now we get equation (3.6) since {δ(η − * ) |η − * ∈ Dt− * } is dense in D ζ(t) − * by hypothesis, while Π is a like-Hermitian bundle.
A similar reasoning works in the case when Θ is an antimorphism.
The following statement is a version of Proposition III.3.3 in [Ne00] in our framework. (See also the proof of Theorem 3 in [FT99] .) It supplies conditions on a vector bundle Π for an associated kernel K to be the pullback of itself. 
Then we have
if and only if there exists an involutive antilinear isometry τ :
. If this is the case, then
Proof. First note that (3.8) is equivalent to the fact that Θ * K = K, where Θ is the antimorphism of the bundle Π into itself defined by the pair of mappings τ and z → z − * . Now the first assertion follows by Proposition 3.6(i) and Remark 2.5 with τ := H Θ . To prove the second assertion we can use Proposition 3.6(ii).
The following theorem shows how objects of the category HomogLHer can be obtained as bundle pull-backs of objects of the category RepGLH. Further, this theorem points out the structural role of the transfer mappings R within these categories. 
Proof. We shall take H 0 := Ran (R z0 ) ⊆ H.
For arbitrary u ∈ G 0 we have ν(u, z 0 ) = z 0 . Then property (iii) in Definition 1.7 shows that we have a commutative diagram
, that is, π(u)H 0 ⊆ H 0 . Thus H 0 has the desired property (i).
To prove (ii) we first note that, since G 0 is a Banach-Lie subgroup of Z, it follows that the G-orbit O z0 ≃ G/G 0 has a natural structure of Banach homogeneous space of G (in the sense of [Rae77] ) such that the inclusion map i 0 : O z0 ֒→ Z is an embedding.
Next define
where the equality follows by property (iii) in Definition 1.7. Then for all u ∈ G, u 0 ∈ G 0 , and f ∈ H 0 we have ν(uu
In particular there exists a well defined map
This mapping is G-equivariant with respect to the actions of G on G × G0 H and on D since so is θ: for all u, v ∈ G and f ∈ H 0 we have θ(v, f ) ), where the second equality follows since ν : G × Z → Z is a group action, while the third equality follows by property (iii) in Definition 1.7. Besides, it is clear that θ is a bijection onto i * 0 (D) and a fiberwise isomorphism. Also it is clear from the above construction of θ and from the definition of the transfer mapping R 0 : D 0 → H associated with the data (π, π 0 , P H0 ) that R • θ = R 0 , that is, the diagram in the statement is indeed commutative. In addition, since both mappings R and R 0 are fiberwise "isometric" (see property (ii) in Definition 1.7), it follows by R • θ = R 0 that θ gives an isometric morphism of like-(− * )-Hermitian bundles over G/G 0 ≃ O z0 . Now we still have to prove that the map θ :
We first show that it is holomorphic. Since O z0 is a submanifold of Z, it follows that i * 0 (D) is a submanifold of D (see for instance the comments after Proposition 1.4 in Chapter III of [La01] ).
Thus it will be enough to show that θ : G × G0 H 0 → D is holomorphic. And this property is equivalent (by Corollary 8.3(ii) in [Up85] ) to the fact that the mapping θ : G × H 0 → D is holomorphic, since the natural projection G×H 0 → G× G0 H 0 is a holomorphic submersion. Now the fact that θ : G×H 0 → D is a holomorphic map follows by the first formula in its definition (3.9), since the group action α : G×D → D is holomorphic.
Consequently the mapping θ : 
where the bottom arrow is the biholomorphic map G/G 0 ≃ O z0 induced by the action ν : G × Z → Z, and the vertical arrows are the projections of the corresponding holomorphic like-(− * )-Hermitian vector bundles; the inversion mapping is holomorphic on the open set of invertible operators on a complex Hilbert space. Now the proof is finished.
The above result can be prolonged, to include morphisms of the respective categories, as follows. Let ( Π, π; R), (Π, π; R) be two objects in the category RepGLH, and let (Θ; α, L) be a morphism between them, with Θ = (δ, ζ). Suppose that both objects satisfy the assumptions of the previous theorem for z 0 ∈ Z and ζ(z 0 ) ∈ Z, with G 0 , G 0 and O z0 , O ζ(z0) the isotropy subgroups and orbits, respectively.
Let (π,π 0 , P e H0 ), (π, π 0 , P H0 ) denote the data objects in HomogLHer constructed out of ( Π, π; R), (Π, π; R), respectively, with bundle maps (θ,ι), (θ, ι), as in part (ii) of Theorem 3.8. Put P 0 = P e H0 , P 0 = P H0 .
Proposition 3.9. In the above setting, one has
) is a morphism between (π,π 0 , P 0 ) and (π, π 0 , P 0 ). Moreover,
Proof. The inclusion α( G 0 ) ⊆ G 0 is equivalent to have ν(α(u), ζ(z 0 )) = ζ(z 0 ) whenever u ∈ G satisfies ν(u, z 0 ) = z 0 , and this is an easy consequence of the fact that ζ •ν = ν • (α × ζ), see assumption (b) prior to subsection 1.3.
To see the second inclusion recall that H 0 = R z0 ( D z0 ) and
, so the inclusion L( H 0 ) ⊆ H 0 holds. Then we are going to prove (1), (2) and (3) of the statement.
(
where we have used (d) prior to subsection 1.3 in the fifth equality, and (b) prior to subsection 1.3 in the next-to-last equality.
(2) This is immediate.
(3) This is again a consequence of (b) prior to subsection 1.3.
As it has been seen before, there are canonical reproducing (− * )-kernels K π and K R associated with the vector bundles Π 0 : D 0 → O z0 , Π : D → O, respectively, of Theorem 3.8. Recall that they are defined by
or, equivalently (according to Remark 2.9),
for every s = uG 0 , t = vG 0 ∈ G/G 0 , where R 0 is the transfer mapping associated with Π 0 .
Corollary 3.10. The reproducing kernel K π is the pullback kernel of K R corresponding to the bundle morphism Θ = (θ, ι) obtained in Theorem 3.8, that is,
Proof. It has been noticed in the proof of Theorem 3.8 that R • θ = R 0 . Hence, for s, t ∈ O z0 ⊆ Z,
as we wanted to show.
Remark 3.11. The significance of Theorem 3.8 is the following one: In the setting of Definition 1.7, the special situation of subsection 1.3 is met precisely when the action ν : G × Z → Z is transitive, and in this case the transfer mapping is essentially the unique mapping that relates the bundle Π to the representation of the bigger group G.
On the other hand, by considering direct products of homogeneous Hermitian vector bundles, we can construct obvious examples of other maps relating bundles to representations as in Definition 1.7. Moreover, the canonical examples in this paper of both classes of vector bundles are related with the tautological ones linked to Grassmannians on Hilbert spaces. See next Section 4.
Grassmannians and universal reproducing (− * )-kernels
Let H be a complex Hilbert space and let B(H) be as above the C * -algebra of bounded linear operators on H with the involution T → T * defined by the adjoint mapping. Let GL(H) be the Banach-Lie group of all invertible elements of B(H), and U(H) its Banach-Lie subgroup of all unitary operators on H. For short, we put G = GL(H) and U = U(H). We recall the following notation from Example 4.6 in [BG09] .
• Gr(H) := {S | S closed linear subspace of H};
• for every S ∈ Gr(H) we denote by p S : H → S the corresponding orthogonal projection. These objects have the following well known properties: Definition 4.1. Denote by p 1 , p 2 : Gr(H) × Gr(H) → Gr(H) the natural projections and define
The mapping Q H is the universal reproducing kernel associated with the Hilbert space H.
The vector bundle Π H : T (H) → Gr(H) being Hermitian, it is in particular like-Hermitian for the involution on Gr(H) given by the identity map. Indeed, for the natural action of G on Π H , the natural representation G → B(H), and the involution u → u −1 , G → G, one can associate the transfer mapping R H given by the projection in the second component R H : (S, x) → x, T (H) → H. Thus the tautological bundle Π H : T (H) → Gr(H), under the action of G = GL(H), induces an object of the category RepGLH, and it is readily seen that the kernel Q H is that one defined by the transfer mapping R H . So the kernel Q H defined above is an important example of object in the category Trans. We look for more examples of like-Hermitian structures in Π H with non-trivial involutions in the base space Gr(H). For this purpose we introduce the following notion.
Definition 4.2. An involutive morphism (respectively, an involutive antimorphism) on the tautological vector bundle Π H is a morphism (respectively, an antimorphism) Ω = (γ, ω) from Π H into itself such that the following conditions are satisfied:
(a) The map ω : Gr(H) → Gr(H) is an involutive diffeomorphism which we denote by S → S − * . (b) For every S ∈ Gr(H) the mapping γ S : S → S − * is an isometric linear (respectively, antilinear) bijective map and γ S − * = (γ S ) −1 . (c) For all S 1 , S 2 ∈ Gr(H) and x 1 ∈ S 1 , x 2 ∈ S 2 we have (
. Now assume that Ω is an involutive morphism on the tautological vector bundle Π H . Then the likeHermitian structure associated with Ω is the structure {(· | ·) S,S − * } S∈Gr(H) on Π H defined by (x | y) S,S − * = (x | γ S − * (y)) H whenever x ∈ S, y ∈ S − * , and S ∈ Gr(H). It is easy to see that this is indeed a like-Hermitian structure. The vector bundle Π H endowed with the like-Hermitian structure associated with Ω will be denoted by Π H,Ω . The reproducing (− * )-kernel associated with Ω is the reproducing (− * )-kernel on Π H,Ω ,
Let us show that Q H,Ω is a reproducing (− * )-kernel on Π H,Ω . For all S 1 , . . . , S n ∈ Gr(H) and x j ∈ S − * j for j = 1, . . . , n we have n j,l=1
, where the latter equality was obtained during the previous calculation. Hence we have that Q H,Ω is an object of the category Kern. We would like to have Q H,Ω in Trans but there is no reason for the existence of a transfer mapping, associated with the bundle Π H , from which Q H,Ω could emerge.
Remark 4.3. Every involutive isometric linear operator C : H → H defines an involutive morphism Ω C = (γ C , ω C ) on Π H by the formulas
and (γ C ) S := C| S : S → C(S) whenever S ∈ Gr(H). If C : H → H is an involutive isometric antilinear operator, then the same formulas define an involutive antimorphism Ω C = (γ C , ω C ) on Π H .
We shall write Q H,C to refer to Q H,Ω in the case when Ω = Ω C . So we have
Similarly, we put Π H,C = Π H,ΩC . Let us take a closer look at this example. Firstly, we notice that if we take the involution in G given by u → Cu −1 C, G → G, then the vector bundle Π H,C , satisfies, under the natural action of G, those properties stated in Definition 1.7 which are independent of a (possible) transfer mapping. Furthermore, let R C H denote the map R H : (S, x) → x, T (H) → H considered after Definition 4.1, where we assume that Π H is endowed with the like-Hermitian pairings (x | y) S,S − * := (x | Cy) H , for every S ∈ Gr(H), x ∈ S, y ∈ C(S). Then R H,S is the inclusion ι S : S ֒→ H, so that for every y ∈ S − * and h ∈ H,
Besides the above equality, properties (i) and (iii) in Definition 1.7 are clearly satisfied by R By applying Theorem 3.8 to the bundle Π H (with the identity map taken as involution in Gr(H)) we obtain objects of the category HomogLHer in terms of Grassmannians. We next examine this example in detail.
Let S 0 ∈ Gr(H). The orbit of S 0 in Gr(H) under the collineation action by G will be denoted by Gr S0 (H). It is well known that Gr S0 (H) coincides with the unitary orbit of S 0 and with the connected component of S 0 in Gr(H), and that it is given by
(See Proposition 23.1 in [Up85] or Lemma 4.1 in [BG09] .) Let G([p S0 ]) denote the isotropy subgroup of S 0 ; that is, G([p S0 ]) := {u ∈ G | uS 0 = S 0 }. This notation has been taken from [BG09] where it was suggested for reasons which can be found in that paper. Then
where the symbol " ≃ " means diffeomorphism between the respective differentiable structures, and that the differentiable structure of the quotient space is the one associated with the quotient topology.
Set T S0 (H) := {(S, x) ∈ T (H) | S ∈ Gr S0 (H)}. The vector bundle Π H,S0 : T S0 (H) → Gr S0 (H) obtained by restriction of Π H to T S0 (H) will be called here the universal vector bundle at S 0 . It is also Hermitian and holomorphic. Moreover it is biholomorphically diffeomorphic to the vector bundle
where we write p := p S0 for brevity. Such a diffeomorphism is induced by the map defined between the total spaces of the respective bundles as (
Then, by restriction to Π H,S0 of the pertinent elements previously considered in this section, we obtain that Π H,S0 defines an object of the category HomogLHer. So in particular the kernel
is an object coming from the category sRep.
As in the case of Π H we wish to find now involutions in Gr S0 (H) different from the identity map. For this, one can take an involutive morphism satisfying an additional assumption. We illustrate this point by considering involutive isometries C on H.
Specifically, let C : H → H be a continuous involutive map which is either C-linear or conjugate-linear, and let S 0 be a closed linear subspace such that C(S 0 ) = S 0 . It turns out that the orbit Gr S0 (H) is invariant under the involution S → C(S) of Gr(H), and then by restriction we will get an involution on Gr S0 (H). In fact,
Since CDC −1 ∈ G irrespective of whether C is C-linear or conjugatelinear, it then follows by (4.1) that C(S) ∈ Gr S0 (H). Thus the orbit Gr S0 (H) is indeed preserved by the involution S → C(S) of Gr(H). This property corresponds to the fact that the quotient manifold
Let us point out what is the form of the kernel Q H,C restricted to the bundle Π H,S0 . Suppose that S ∈ Gr S0 (H). Then there exists u ∈ U(H) such that uS 0 = S and uS
. Thus for all u 1 , u 2 ∈ U(H) and x 1 , x 2 ∈ S 0 we have
The so chosen involution in Gr S0 (H) depends obviously on a pre-fixed involutive isometry C on H.Thus it seems to be too much having the pretension to obtain universality results associated with the manifold Gr S0 (H) in this situation. Searching for an alternative way to overcome this obstacle we are led to consider a (canonical) complexification of Gr S0 (H).
Let B := {p} ′ be the commutant subalgebra of p in B(H). The algebra B is formed by the operators
Moreover, B is self-adjoint so that it is in fact a C * -subalgebra of B(H). Let G(p) denote the group of invertibles in B. Clearly, G(p) is a (closed) Banach-Lie subgroup of G, which moreover is stable under the operation of taking adjoints u → u * . Then, endowed with the quotient topology, the space G/G(p) is a homogeneous Banach manifold enjoying the natural involution given by
where u − * is this time the inverse of the adjoint operator of u ∈ G. Further, the quotient manifold G/G(p) can be described as the set of pairs {(uS 0 , u − * S 0 ) : u ∈ G} so that the former involution takes the form
Note that the fixed-point set of such an involution is
The preceding remarks tell us in particular that the orbit of projections G/G(p) ≃ {upu −1 : u ∈ G} is a complexification of the (complex, in turn) manifold Gr S0 (H). This fact can be extended up to the level of vector bundles, so that the bundle G × G(p) S 0 → G/G(p), which we shall denote by Π Proposition 4.4. In the above setting, put E p : T → pT p + (1 − p)T (1 − p), B(H) → {p} ′ . Let K be a closed subspace of S 0 and define the compression mapping
Then Φ K is a unital completely positive mapping with Φ K • E p = Φ K and such that the vector bundle defined by (B(H), {p} ′ , E p ; Φ K ) coincides with Π H,S0 .
Proof. The mapping Φ K of the statement is clearly unital. It is also completely positive: For an integer n, a positive matrix (T i,j ) 1≤i,j≤n in M n (B(H)) and x 1 , . . . , x n ∈ K,
Now we proceed with the Stinespring method. For every b, a ∈ B(H) and x, y ∈ K we have
From this, it follows that the norm · ΦK on B(H) ⊗ K defined by the mapping Φ K as in subsection 1.4 is given by Moreover, it is straightforward to derive from the above that the Stinespring dilation obtained from Φ K is the identity mapping ι : B(H) → B(H).
In an analogue way one can show that [{p} ′ ⊗ K]/N 0 ≃ S 0 where N 0 is the null space associated with the previous norm restricted to {p} ′ ⊗ K. Here the only point to comment is perhaps the surjectivity of the mapping
This can be proved for instance as follows. Given x ∈ S 0 one can choose T in B(H) and k ∈ K such that T (k) = x. Then E p (T ) ∈ {p} ′ and E p (T )k = x since K ⊆ S 0 . Hence the above map is onto. Putting all the above facts together the statement of the proposition follows readily.
The universality theorems
We state and prove in this section the fundamental results which enable us to recover reproducing (− * )-kernels as pull-backs of the canonical kernels associated with Grassmannian tautological bundles. The first theorem shows up the existence of such pull-backs in purely algebraic terms. 
Assume that we have an involutive morphism Ω = (γ, ω) on Π H such that the involutive diffeomorphism
Then there exists a vector bundle morphism
Proof. Denote
and define
like-Hermitian vector bundle, namely this is the pull-back of the tautological bundle Π H
Then we get the commutative diagram
where the vertical arrows are like-Hermitian vector bundles, while the pairs of horizontal arrows (Ǩ, id Z ) and (ψ K , ζ K ) are homomorphisms between these bundles. We now define δ K = ψ K •Ǩ and check that the vector bundle homomorphism ∆ K := (δ K , ζ K ) has the wished-for property
The construction of the mapping ζ K : Z → Gr(H K ) in Theorem 5.1 is inspired by the mapping Z defined in formula (16) in [MP97] , which in turn extends the corresponding maps for complex line bundles given in [Od92] . In the latter reference it is shown that categories formed by objects like ζ K (or Z) are equivalent to categories of vector bundles with distinguished kernels. Next, and under natural conditions, we extend that result by showing that the pull-back operation giving the kernel K in Theorem 5.1 also enables us to recover the whole vector bundle Π. then the vector bundle morphism (Ǩ, id Z ) is an (algebraic) isomorphism between the bundles Π :
Proof. In view of Theorem 5.1 it suffices to show that the mapǨ has an inverse. If (s, x) ∈ L K then x ∈ ζ K (s) = K(D s ) with K injective, so there exists a unique ξ ∈ D s with x = K(ξ). Then we obtain the inverse ofǨ by definingǨ
Now, of course, there is the question of the continuity and/or smoothness properties of the pull-back morphism ∆ K in the preceding theorem. Since ∆ K = (δ K , ζ K ) with δ K (ξ) = (ζ K (Π(ξ)), K(ξ)) for all ξ ∈ D, the morphism ∆ K is continuous if and only if K and ζ K are continuous mappings. In order to prove the continuity of K it seems natural to assume the continuity of K.
For a trivialization Ψ U of Π over the open set U ⊆ Z, let us denote Ψ −1
with associated isomorphisms
given by
where U , V are trivialization open subsets of Z, U 0 ⊆ U and V 0 ⊆ V run over the family of basic neighborhoods of t, s, respectively, and
If K is a reproducing (− * )-kernel and U, V are as above, we put
We shall identify K U,V E (s, t) with K(s, t) E for all (s, t) ∈ U × V . Clearly, K is continuous if and only if K E is.
Lemma 5.3. If the reproducing kernel K is continuous then the mapping
is continuous.
Proof. First, take s 0 ∈ Z and a trivialization isomorphism Ψ U with s 0 ∈ U . For any t ∈ U , define the continuous sesquilinear form (· | ·) U,t by
For x, y ∈ E and t near s 0 there is a constant C U (x, y) > 0 such that |(x | y) U,t | ≤ C U (x, y), by property (c) in Definition 1.1. Then by using the Banach-Steinhaus theorem we get a constant C U > 0 such that
for a suitable neighborhood U ′ ⊆ U of s 0 . Now, given ρ > 0, since K is continuous there exists an open set U 0 ⊆ U ′ with s 0 ∈ U 0 , such that
Since the above inequality holds for every η in the neighborhood Ψ U (U 0 × B ρ (x 0 )) we have proved that K is continuous.
Remark 5.4. The argument used in Lemma 5.3 gives us in fact that the mapping
In the statement of Theorem 5.5 we are going to use the following terminology: Two linear subspaces V 1 and V 2 of some Hilbert space H are said to be similar to each other in H if there exists an invertible bounded linear operator T : H → H such that T (V 1 ) = V 2 . For instance, it is easy to see that if V 1 is finitedimensional, then it is similar to V 2 if and only if V 2 is also finite-dimensional and dim V 1 = dim V 2 . Note however that if both V 1 and V 2 are closed infinite-dimensional subspaces of some separable Hilbert space H and dim V ⊥ 1 < ∞ = dim V ⊥ 2 , then V 1 and V 2 are not similar to each other although dim V 1 = dim V 2 (= ∞). In the theorem we are dealing with the mapping ζ, which is set-valued.
For a topological space T , we say that a mapping F : T → Gr(H) is similar-valued if F (τ ) is similar to F (σ) for every τ, σ ∈ T . Then F will be called locally similar-valued on T if for any point τ in T there is a neighborhood V of τ such that F | V is similar-valued on V .
Since every orbit in Gr(H) is an open set (see for example Corollary 8.4(iv) in [Up85] ), it is clear that a function F as above is locally similar whenever it is continuous. Conversely, we are going to see that the continuity of the Gr(H K )-valued mapping ζ K is equivalent to its local similarity, under the assumption that K is open on fibers.
Theorem 5.5. In the above setting, suppose that:
(1) The kernel K is continuous, (2) the bounded linear operator K| Ds : D s → H K is injective with closed range for all s ∈ Z.
Then ζ K : Z → Gr(H K ) is continuous if and only if it is locally similar.
Proof. As noticed before, the continuity of ζ K implies automatically that ζ K is locally similar Gr(H)-valued. Conversely, assume that ζ K is locally similar. Let s 0 ∈ Z arbitrary and pick any open neighborhood V ⊆ Z of s 0 such that there exists a trivialization Ψ 0 : V × E → Π −1 (V ) of the bundle Π over V . Also denote H 0 = ζ K (s 0 ) ⊆ H K and define the maping
Using an argument as that one of the proof of Lemma 5.3 it can be seen that the mapping K V is continuous with respect to the norm operator topology: For s, t ∈ V , x ∈ E and ξ ≡ (s, x), η ≡ (t, x),
Now, note that the mapping K| Ds being injective with closed range means that for every s ∈ Z there is a constant C(s) > 0 such that
, and moreover, for every s ∈ V the operator K V (s) : E → H K is injective and its range is the closed subspace ζ K (s) ⊆ H K . For the sake of simplicity let us denote by K V (s 0 ) −1 : H 0 → E the inverse of the bijective linear operator
follows by the open mapping theorem that K V (s 0 ) −1 is continuous, hence we can define
This mapping is continuous with respect to the norm operator topology since so is K V . In addition, for every s ∈ V we have Ran ( K V (s)) = ζ K (s), hence the hypothesis implies that the ranges of the values of K 0 are similar to each other in H K . Since the mapping T → Ran T is continuous on the latter subset of B(H 0 , H K ) by Proposition 3.6 in [DEG98] (see also Example 6.1 in [DG01] and the principal bundle (4.5) in [DG02] ), it then follows that the mapping ζ K is continuous on V . Since V is a neighborhood of the arbitrary point s 0 ∈ Z, this completes the proof. Remark 5.6. As regards the continuity of the mapping T → Ran T on certain sets of operators (see the final argument in the above proof), a related result belonging to this circle of ideas is provided by Proposition 1.7 in [MS97] .
Remark 5.7. According to condition (2) assumed in Theorem 5.5, the operator K| Ds : D s → H K , being injective and with closed range, provides a topological isomorphism of D s onto a closed subspace of H K . Thus the topology of the fiber D s can be defined by a suitable scalar product which turns this fiber into a complex Hilbert space. In particular, this remark shows that the existence of a reproducing (− * )-kernel K : Z × Z → Hom(p * 2 Π, p * 1 Π) satisfying condition (2) at some point in the base of a likeHermitian vector bundle Π : D → Z imposes rather strong conditions on this bundle -at least in the sense that the fiber of the bundle has to allow for a scalar product which defines its topology. (That is, the fiber has to be a Hilbertable vector space, in the terminology of Chapter VII in [La01] .) Thus condition (2) in Theorem 5.5 could appear as being rather restrictive. However, the next theorem shows that the invertibility property (5.2) of the kernel K assumed in Corollary 5.2 is sufficient to imply that condition. (1) K is continuous. Then the morphism ∆ K is continuous.
Proof. Recall that ∆ K = (δ K , ζ K ) and δ K = (ζ • Π, K). By Lemma 5.3, the continuity of K follows by the fact that K is assumed to be continuous. Then it is clear that the only thing we need to show is that point (2) of the statement implies point (2) of Theorem 5.5. In order to do so fix s ∈ Z. Now observe that since the pair (· | ·) s − * ,s is a strong duality pairing (see Remark 1.2) there exists a bounded linear operator θ s − * :
see Lemma 3.5 in [BG08] . In fact, it turns out that the operator θ s − * restricted to H K 0 coincides with the evaluation mapping at s, see the proof of Proposition 3.7 in [BG08] . Thus under the assumption (5.4) we get, for every ξ ∈ D s ,
K is injective with closed range for all s ∈ Z, and the theorem follows.
Remark 5.13. Let us discuss briefly the condition in Theorem 5.1 on the existence of a suitable involutive diffeomorphism of Gr(H K ) onto itself in the case when the base Z of the bundle Π : D → Z is connected. Assuming that the mapping ζ K : Z → Gr(H K ) is continuous, the image of this map will be a connected subset of Gr(H K ). In particular, ζ K (Z) will be contained in a connected component of Gr(H K ). It then follows by Remark 4.2(b) in [BG09] that there exists a closed linear subspace S 0 of H such that ζ K (Z) ⊆ Gr S0 (H). So condition (5.1) of Theorem 5.1 actually requires a suitable involutive diffeomorphism only on the unitary orbit Gr S0 (H), not on the whole Gr(H K ). Thus the role of universal reproducing (− * )-kernel seems to be played by the reproducing (− * )-kernels induced by Q H on the restrictions of the tautological vector bundle Θ H to the various unitary orbits Gr S0 (H) endowed with various (− * )-structures, for arbitrary Hilbert spaces H.
Another situation when we are naturally led to deal with orbits Gr S0 (H) of Grassmannians is that one considered prior to Lemma 5.11, in the case when the action of the group G on Z is transitive. Under such a condition, we manage in the next result to remove the assumption about the existence of the involutive morphism Ω satisfying (5.1) (which is a highly non-canonical assumption). In order to do so, we must replace the tautological bundle Π H by its complexification Π C H . Let (Π, G) be an object of the category GrLHer, as above, with Π : Theorem 5.14. In the preceding setting, there exists a vector bundle morphism
(1) the isotropy group at the point s 0 = s − * 0 ∈ Z is a complex Banach-Lie subgroup of G and (2) the reproducing (− * )-kernel K is holomorphic of the second kind, then the vector bundle morphism ∆ K is holomorphic.
Proof. As it was seen in Lemma 5.11, ζ K (ν(u, s 0 )) = u · ζ K (s 0 ) for every u ∈ G. Let us proceed to constructing the morphism ∆ K . Define, for s = ν(u, s 0 ) in Z,
Then, on account of the definition of the involution − * in G(p), we havẽ
It is readily seen thatδ K is well defined and then that (δ K ,ζ K ) is a morphism between the like-Hermitian vector bundles Π and Π C HK . Put for a while δ =δ K and ζ =ζ K for simplicity.
To prove the second part of the statement, recall that if the isotropy group at s 0 ∈ Z is a complex Banach-Lie subgroup of G, then the orbit mapping u → ν(u, s 0 ), G → Z has holomorphic local cross-sections around every point s ∈ Z. Therefore, in the above construction of the vector bundle morphism ∆ K = (δ K ,ζ K ) (see formulas (5.5) and (5.6)), the element u ∈ G can be chosen to depend holomorphically on s ∈ Z around an arbitrary point in Z. This remark implies at once that the mappingζ K is holomorphic and that in order to prove that the componentδ K is holomorphic as well, it will be enough to check that the mapping 
Thus take ξ, η ∈ D, s = Π(ξ), t = Π(η). Then, by (2.2) and (2.1),
Hence, by the hypothesis that the kernel K is holomorphic of the second kind (see Definition 2.1), we obtain that K : D → H K is holomorphic, and this concludes the proof.
Remark 5.15. There is a close relationship between Theorem 3.8 and Theorem 5.14, and yet they are different from each other, for in Theorem 5.14 it is not assumed the existence of a transfer mapping (relating the bundle Π : D → Z with some Hilbert space H). Instead, one needs to consider in Theorem 5.14 the Hilbert space of sections H K . Is there some transfer mapping, say R K , from D into H K ? A natural candidate seems to be the mapping
6. Applications of the pull-back operation on reproducing (− * )-kernels
The first application of the pull-back operation works out the precise relationship between reproducing (− * )-kernels on homogeneous vector bundles constructed as in the subsection 1.4. The resulting result, part (d), illustrates Proposition 3.6. Proposition 6.1. Given two C * -algebras 1 ∈ B ⊆ A with a conditional expectation E : A → B, assume that we have a tracial state ϕ : A → C (i.e., ϕ(a 1 a 2 ) = ϕ(a 2 a 1 ) for every a 1 a 2 ∈ A) such that ϕ • E = ϕ. For X ∈ {A, B} denote by G X the group of invertible elements of X, by H X the Hilbert space obtained by the GNS construction out of the state ϕ| X of X, and by C X : H X → H X the antilinear isometric involutive operator defined by the involution of X. Also denote by P : H A → H B the orthogonal projection and by λ, ρ, π : A → B(H A ) the representations defined by Proof. First of all, notice that ϕ being tracial the representation ρ is well defined, so is π. To prove assertion (a), note that for all v ∈ G B and f ∈ B we have Since the projection mappings G A × H B → G A × α H B are submersions for α ∈ {λ, ρ} and the mapping (u, f ) → (u − * , C B (f )) is clearly a diffeomorphism of G A × H B onto itself, it then follows that δ 1 is smooth (see Corollary 8.4 in [Up85] ). One can similarly check that δ 2 : G A × ρ H B → G A × λ H B is smooth. In addition, it is easy to see that the mappings δ 1 and δ 2 are inverse to each other, hence they are diffeomorphisms.
The fact that δ 3 is also a well-defined smooth mapping follows by a similar reasoning based on the calculation
that holds whenever v ∈ G B and f ∈ B. Since δ 3 • δ 3 = id GA×πHB , it then follows that δ 3 is a diffeomorphism as well.
For assertion (b) we shall use Remark 1.6. It is clear that for j = 1, 2, 3 the mapping δ j is a fiberwise isomorphism of real Banach spaces, so that it will be enough to prove that for all u ∈ G A and f ∈ H B we have
This equality is equivalent to (f | g) HB = (C B (f ) | C B (g)) HB , which is true since C B : H B → H B is an antilinear isometry. Assertion (c) can be proved by means of (3.5). For instance, in order to check that Θ * 1 K ρ = K λ , we need to prove that for all u 1 , u 2 ∈ G A and f 1 , f 2 ∈ H B we have . Now, by taking into account the definitions of K λ and K ρ (see [BG08] ), it follows that the wished-for equality is equivalent to [(u 1 , P (λ(u is commutative, where the mapping γ is a suitable isometry (see [BG08] and the comments after Theorem 6.2).
The next application is a special case of Theorem 5.1 and yet it applies to all of the classical reproducing kernels (see for instance [Ha82] and Example I.1.10 in [Ne00] for many specific examples) when they are thought of as living on trivial line bundles. Moreover, note that the classical reproducing kernel spaces of complex functions on domains in C n (Bergman spaces, Hardy spaces etc.) are separable Hilbert spaces hence are isomorphic to ℓ 2 (N). Hence the reproducing kernels of all these classical function spaces can be obtained as pull-backs of a unique kernel, namely the universal reproducing kernel Q H for H = ℓ 2 (N). See [Od88] and [Od92] for the implications of this fact in quantum mechanics. Proof. The hypothesis of Theorem 5.1 is clearly satisfied if we take Ω to be the identity morphism on the tautological vector bundle Π H .
Finding applications of Theorem 5.1 in other concrete cases involving general involutions − * , for which condition (5.1) is automatically fulfilled, does not seem simple. Instead, one has to use complexifications of bundles of the type T S0 (H) → Gr S0 (H), S 0 ∈ Gr(H), as in Theorem 5.14. This theorem clearly applies to bundles G A × GB H B → G A /G B in the category HomogLHer and kernels K π accordingly, as in Remark 2.9. Let us now assume for simplicity, in that case, that H A = span π A (G A )H B . (This holds for instance when A, B are C * -algebras and G A × GB H B → G A /G B is an object in StLHer.) Then H A and H Kπ are isomorphic Hilbert spaces via the unitary "realization" operator γ : h → F h , H A → H Kπ where F h : uG B → [(u, P (π −1 (u)h))], G A × GB H B → G A /G B (see [BG08] ). The translation of Theorem 5.14 in the above situation is that K π = ∆ * K π Q C HA where ∆ K π = (δ K π ,ζ K π ) withδ K π = π A × id HB and ζ K π = (π A ) q . In particular the morphism (π A × id HB , (π A ) q ) is a (extremal) morphism between the kernels K π and Q C HA . To go further in this direction, note that it has been proven in [BG08] that the representation of G A on H A can be realized as multiplication of the elements of G A on the Hilbert space H K . This realization is implemented by the formula
In this sense, and according to what has been indicated formerly, one can say that π A is the pull-back of the natural multiplication (collineation) operator associated with the Stiefel bundle G × G(p) Ran p → G/G(p). 
